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Valley polarized topological kink states, existing broadly in the domain wall of hexagonal lattices
systems, are identified in experiments, unfortunately, only very limited physical properties being
given. Using an Aharanov-Bohm interferometer composed of domain walls in graphene systems,
we study the periodical modulation of pure valley current in a large range by tuning the magnetic
field or the Fermi level. For monolayer graphene device, there exists one topological kink state, and
the oscillation of transmission coefficients have single period. The pi Berry phase and the linear
dispersion relation of kink states can be extracted from the transmission data. For bilayer graphene
device, there are two topological kink states with two oscillation periods. Our proposal provides
an experimental feasible route to manipulate and characterize the valley polarized topological kink
states in classical wave and electronic graphene-type crystalline systems.
PACS numbers: 72.80.Vp, 72.10.-d, 73.20.At
Introduction– Topological kink states broadly exist in
the domain walls of magnetic topological insulators[1, 2],
hexagonal lattice materials, etc.[3–27] The recent exper-
imental observations of kink states in bilayer graphene
have generate great interests in exploring the exotic prop-
erties of such states.[14–19] However, the kink states are
restricted in a very narrow region, which makes it rather
difficult for characterizing with common techniques, such
as APRES. By now, the approaches of STM, transport
and infrared measurement can only prove the existence
of kink state. The pseudospin-momentum locking prop-
erty, the band structure and even the number of kink
states have not been determined in experiments yet. Sim-
ilar problems also exist in MoS2,[20] or the monolayer-
graphene-like classical wave systems.[21–27]
The valley polarized states can be used for fab-
ricating valley filters, a key device for valleytronics
applications.[6–9, 28, 29] The domain walls in graphene
systems, which host valley polarized topological kink
states, can serve as valley filters.[8, 9] Nevertheless, in
a single domain wall the valley current cannot be eas-
ily manipulated. Based on a current splitter composed
of two crossed domain walls, the current partition rule
of kink state is investigated, indicating the manipulation
of valley polarized kink states through a splitter.[17, 30–
32] The control of current in such a splitter is still diffi-
cult since the morphology of domain wall is unchangeable
when the devices is fabricated, thus prohibit the manip-
ulation of the kink states.
For the applications of valleytronics, the manipulation
FIG. 1: The schematics of kink states interferometer under
magnetic field. Four terminals are attached to the central
region. In the central region, the domain walls (the yellow
pathes) are located at the interface of graphene with different
inversion symmetry. The purple arrows indicate the propaga-
tion direction of the valley K electrons and the grey vertical
arrows are for the magnetic field.
of valley polarized current conveniently is essential. Very
recently, a domain network in a bilayer graphene is ob-
served experimentally,[19], which makes the interference
of the kink states possible. We adopt this platform for the
characterization and manipulation of kink states through
quantum interference.
In this Letter, we study the quantum interference of
the Aharanov-Bohm (AB) interferometer[19, 33] com-
posed of topological kink states locating at the domain
walls of graphene systems [see Fig.1]. Both the mag-
netic field and the gate voltage can be utilized to manip-
ulate these kink states, which only allow for the valley
polarized propagation and interference. The magnitude
20.5 1.0 1.5
-0.2
-0.1
0.0
0.1
0.2
0.2 0.4 0.6
0.0
0.2
0.4
0.6
0.8
1.0
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
0.990
0.995
1.000
(d)
(c)E(
t)
k 3a/
T
(b)
model (a)
(e)
T12 T13
   E=0 B=0;           
   E=0.01t B=0;
   E=0 B=2.5T;   
model (b)
(a)
(f)P  a    b 
              P12
                  P13
FIG. 2: The schematics for kink state splitters: straight line
(a) and cosine shaped (b). (c) The band structures for kink
states in graphene model. (d-e) Angle dependence of T12 and
T13 for model (a) and (b) for different E and B, respectively.
(f) The angle dependence of valley polarization of T12 and T13
when E = 0, B = 0 for model (a) and (b). The devices’ sizes
are L = 600a (width) and W = 300
√
3a (length).
of valley polarized current can be adjusted periodically
in a wide range by varying the Fermi energy or a mag-
netic field. The number of kink states can be obtained
from the oscillation pattern of the transmission coeffi-
cients: for monolayer graphene interferometer, there is
one kink state and one oscillation period; while for bi-
layer graphene system two kink states and two periods
exist. Specifically for the former case, a π Berry phase
and a linear band structure of kink state can be obtained
from the transport data. These exotic kink states can
broadly exist in graphene-type systems including their
classical wave cousins,[21–27] and thus can be realized in
present experiments.
Model and methods– Four terminals graphene nanorib-
bon based devices with a single splitter [see Fig.2 (a) and
(b)] or two splitters [see Fig.1] are investigated. Under a
small voltage bias between terminal 1 and other termi-
nals, only electrons of valley K can flow from terminal 1
into the central region. The current is partitioned once
at the splitter in devices of Fig.2 (a) and (b). In the de-
vice of Fig.1, the current is partitioned many times and
the multi-beam interference happens.
The realization of monolayer graphene based domain
walls is difficult in experiment. In recent works, the val-
ley dependent transports are observed in hexagonal lat-
tice of classical wave systems.[21–26] The physical pic-
ture behind is the the same to the well known monolayer
graphene which we will focus in the following study. In
the tight-binding representation, the model Hamiltonian
reads:[9, 13]
Hm =
∑
i
εic
†
ici +
∑
〈ij〉
t(eiφij c†icj + e
−iφij c†jci) (1)
with c†i and ci are the creation and annihilation opera-
tors of electrons at site i, respectively. The second term
represents the nearest neighbor coupling with energy t.
The uniform perpendicular magnetic field exists only in
the central region and is accounted by the phase factor
φij . Here εi is the on-site energy at site i to generate spa-
tial inversion asymmetry and hence defines the domain
walls.[3, 9] For monolayer graphene, there are two set of
sublattices, namely A and B. In the blue (grey) region
[see Fig.2 (a) and (b)], εA = U(−U) and εB = −U(U).
In the four terminals, ǫi is shifted by gate voltage V away
from the neutral point, which guarantees that there are
dozens of states for each valley at the Fermi level.
Adopting the transfer matrix method, the transmission
coefficients are calculated.[29, 34] Follow the standard
procedure, each transmission coefficient tijmn from state i
in terminal m to state j in terminal n is obtained. The
valley resolved transmission coefficients are accessed by
collection tijmn in two separate valleys (K and K
′):
TK1K2mn (E,B) =
m∑
i∈K1
n∑
j∈K2
tijmn (2)
with E the Fermi energy and B the magnetic field. The
total transmission coefficient is Tmn = T
KK
mn + T
KK′
mn +
TK
′K
mn +T
K′K′
mn and the corresponding valley polarization
is Pmn = (T
KK
mn + T
KK′
mn − TK
′K
mn − TK
′K′
mn )/Tmn. In the
numerical calculation we use U = 0.1t and V = 0.2t
with t the energy unit in Eq. 1. Under the gauge
transformation, the magnetic field B is related to φ by
B = 2h/3
√
3a2πe with a the C-C bond length. At
zero temperature, Imn is proportional to Tmn due to
Landauer-Buttiker formula, so we only concern Tmn in
the following discussion.
Single splitter– The band structure of the kink states
for monolayer graphene model is displayed in Fig.2 (c).
The propagation direction of the kink states at different
valley is opposite to each other. First the transport of
kink states in devices with a single splitter, shown in Fig.
2 (a) and (b), are investigated. Current injected from
terminal 1, can only transmitted into terminal 2 and 3.
Note that in the domain wall near terminal 2, the current
is of valley K too because the energy band is reversed.[4]
We find T12+T13 ≃ 1 due to the valley conservation and
both T12 and T13 are of high K valley polarized [see Fig.2
(f)], signalling nearly pure valley current are obtained in
the terminal 2 and 3. In the following we only discuss
the magnitudes of transmission coefficients. The angle
dependent partition rule in Ref [30] is reproduced in Fig.
2 (d) and (e) with nonzero E and B. The partition of
valley current is only sensitive to the intersection angle at
the cross point and is independent of the Fermi level (near
the neutral points), the magnetic field, or the specific line
shape of the splitter.
Monolayer graphene interferometer– Now we focus on
interferometer formed by domain walls with two splitters
as shown in Fig.3 (a). The incoming wave from termi-
nal 1, at the left splitter, is partitioned to terminal 2
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FIG. 3: The schematics for kink states’ interferometer (a)
and wave propagation (b). Two dimensional map of E and
B dependence of T12 (c) and T13 (d). The sample sizes are
L = 600a, W = 600
√
3a and θ is the same to Fig. 2 (b).
and the upper arm of interferometer. At the right split-
ter, again the wave is split into terminal 3 and the lower
arm. Then, the wave along the lower arm meets the
first splitter and is split for the third time. The process
happens repeatedly and the currents flow into terminal
2 and 3 are the interference of multibeams. The Fermi
level E and magnetic field B dependence of T13(E,B) is
shown in Fig.3 (c) and (d). Also T12+T13 ≃ 1 due to the
weak backscattering. Significantly, both T12 and T13 are
modulated by B and E periodically in a wide range (e.g.
T
max/min
13 = 0.93/0.41 and T
max/min
12 = 0.57/0). Note
that both T12 and T13 are nearly valley polarized, so the
device is a good controllable valley filter.
The details of T13 are displayed in Fig.4 (a) and (b).
In Fig.4 (a), two main characters are observed: i) T13
shows a minimum at B = 0 and E = 0; ii) the oscillation
of T13(Ei, B) vs. B is shifted periodically as Ei changes.
The magnetic flux enclosed by the interferometer [from
the period of T13] is about h/e, indicating the well per-
formance of AB interference. To better understand the
characters, the redistribution of valley K electrons from
terminal 1 in the interferometer is pictured by the non-
equilibrium local density of states (DOS) [see Fig.4 (c-d)
with the parameters marked in Fig.4 (a)]. It is calculated
by ρ(r, E) = [GrΓLG
a]r/2π withG
r/a the Green’s func-
tion and ΓL the line-width function.[13] ρ(r, E) is large
around the domain walls and are infinitesimal otherwise,
indicating the well formation of interferometer. More-
over, in Fig.4 (c) (Tmin13 ), there is current flows into both
terminal 2 and 3. In Fig.4 (d), the current flows into
terminal 3 with terminal 2 blocked. So the interference
of valley current is well tuned by the magnetic field.
Fig.4 (b) shows the T13 vs. E relation when B = 0. T13
varies periodically, in analogy to Fig.4 (a), indicate that
the Fermi level plays a similar role as that of magnetic
field, i.e. providing an extra phase. Physically the wave
0.0 0.5 1.0 1.5 2.0 2.5
0.4
0.6
0.8
1.0
0.00 0.04 0.08
0.00
0.02
0.04
0.06
0.08
0.10
-0.02 -0.01 0.00 0.01 0.02
0.0
0.5
1.0
1.5
2.0
0.4
0.5
0.6
0.7
0.8
0.9
1.0
(d)
(c)
(b)
 
 
T 1
3
B (T)
(a)
 from Fig.2 (c)
(e)
E(
t)
k//
 from Fig.4 (b)
D
O
S 
(a
.u
.)
E (t)
T 1
3
FIG. 4: B (a) and E (b) dependence of T13 along the dashed
lines in Fig. 3 (d). The dashed curve in (a) is from Eq.3. The
red curve in (b) is the DOS of an isolated kink states circle.
(c-d) ρ(r, E) for point marked in (a). (e) The energy band of
kink state in graphene around valley K.
function is: Ψ(r) = Ψ(r⊥)e
ik‖l with k‖ the momentum.
When E = 0, k‖ is zero and the propagation of wave does
not contribute extra phase (see Ref. [35] Fig. S1). How-
ever, when E 6= 0, k‖l contributes a phase to the wave
function and changes the interference. Since the wave in
the interferometer can only propagate clockwise, the ex-
tra phases of transmission amplitude acquired from the
magnetic field and the Fermi level, are similar. To explore
the peaks’ nature of T13, the local DOS of an isolated kink
circle [the blue path in Fig.3 (b)] is shown in Fig.4 (b).
The peaks’ positions of T13 and DOS are the same. It
means the peaks of T13 are the result of resonance tunnel-
ing through the kink state circle. Interestingly, we find
the zero energy is located in the middle of two peaks. It is
from the π Berry phase of kink state. The wave function
of kink state Ψ(r⊥) is of two components (pseudospin),
which bears the pseudospin-momentum locked topologi-
cal nature.[36] After evolve along a closing circle, acquires
a π Berry phase.[35] Thus the Bohr-Sommerfeld quanti-
zation condition k‖l0 = 2nπ is modified to k‖l0 = 2nπ+π
(l0 the circumference of the interferometer and k‖ the res-
onant tunneling wave vector), which means the resonant
peak is not located at the zero energy. So the π Berry
phase can be measured from the features of T13. Be-
sides, the dispersion relation of kink states can also be
extracted from T13. For example, in Fig.4 (b), there are
n peaks from E = 0 to En and the corresponding mo-
mentum is k‖,n = (2n + 1)π/l0. In Fig.4 (e), En ∼ k‖,n
relation is shown, in good agreement with the dispersion
relation adopted from Fig.2 (c).
To clarify the above characters, the scattering matrix
method is adopted.[37, 38] At the left splitter, the am-
plitudes of the incident and outgoing waves are indicated
by a1/a2 and c1/c2, respectively [see Fig.3 (b)]. Assum-
ing no backscattering, they are related by (c2, c1)
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4-2 -1 0 1 2
0.5
1.0
0.000 0.005 0.010 0.015 0.020
0.5
1.0
1.2 1.3 1.4 1.5
-0.2
-0.1
0.0
0.1
0.2
B (T)
  T12 
  T13
   fitting from Eq. 4 
T
T
E (t)
(d)
(c)
(b)E(
t)
k 3a/
(a)
FIG. 5: (a) The schematics for wave propagation in bilayer
graphene model. (b) The energy band of kink states in bilayer
graphene around K point. T12 and T13 vs. B (d) when E = 0
and vs. E (d) when B = 0. The red curves are from Eq. 4.
S(a1, a2)
T with S =
( √
1− αe−iθ/2 √αei(pi−θ)/2√
αei(pi−θ)/2
√
1− αe−iθ/2
)
the scattering matrix. In S,
√
α and
√
1− α are the
amplitudes of wave from terminal 1 to 2 and the up-
per arm of interferometer, respectively. The Berry phase
effect is also accounted, e.g. from a1 to c2, a Berry
phase of e−iθ/2 is acquired when the momentum di-
rection rotates an angle θ anticlockwise. In the right
splitter, (c3, a2e
−i(ϕ+θ)/2)T = S(c2e
i(ϕ+θ)/2, 0)T. Here
ϕ = φ + k‖l0 is the combination of the magnetic phase
and the dynamic phase. Finally, we have


T12(α, ϕ) = |c1|2 = 4α cos
2 ϕ
2
(1−α)2+4α cos2 ϕ
2
T13(α, ϕ) = |c3|2 = (1−α)
2
(1−α)2+4α cos2 ϕ
2
(3)
with T12 + T13 = 1 by using a1 as a unit. The result is a
Fabry-Pe´rot type interference and comes from the multi-
beam interference. When B = 0, T12 shows a maximum
and T13 shows a minimum, the same to Fig.3. For the
sample size in Fig.3, θ ≃ 0.615π, corresponds to α ≃ 0.22
[see Fig.2 (c)]. Substitute this value into Eq. 3 and use
k‖ = 0, the analytical results is displayed in Fig.4 (a), in
good agreement with the numerical curve for E = 0. The
small discrepancy at ϕ = π is due to the back-scattering
which is omitted in the analytical approach.
Bilayer graphene interferometer– From the technique
aspect, kink states interferometers in bilayer graphene
are more accessible in experimental.[14–19] In the follow-
ing we investigate the Bernal-stacking bilayer graphene
device. The tight binding Hamiltonian is Hb = H
top
m +
Hbottomm +
∑
ij t⊥(c
†
i cj+c
†
jci). It is constructed by the top
and bottom layer of monolayer graphene (Eq.1) and the
coupling in between. The spatial inversion asymmetry of
bilayer graphene is induced by applying an electric field.
In our model, it is accounted by the on-site energy differ-
ence between two layers. In the blue (grey) region of Fig.
5 (a), ε = U(−U) in the upper layer and ε = −U(U) in
the bottom layer with U = 0.1t. The nearest coupling
between A and B atoms in two layers is t⊥ = 0.15t.
Fig.5 plots the results for bilayer graphene model. In
Fig.5 (c) and (d), both T12 and T13 vs. B show period-
ical oscillations and the period is the same to the case
for monolayer model because of the same sample size.
Especially, T12/T13, proportional to the pure valley cur-
rent in terminal 2/3, can be tuned for 1.68/1.53 times
(
Tmax13
Tmin
13
/
Tmax12
Tmin
12
). So the interference in bilayer graphene
has promising application in valley current modulation
as well. Different from monolayer graphene model which
has only one period, T13 in Fig.5 (c) has two periods. It
is ascribed to the double kink states in bilayer model [see
Fig.5 (b)]. When E = 0, the phases of two kink states
are ϕ± = φ ± k0‖l, including a same magnetic phase φ
and non-zero dynamic phases with ±k0‖ the momentum
of two kink states (symmetric with respect to K point).
So T12 and T13 are the summation of two separate kink
states’ transmission. It can be directly obtained by using
the scattering method:


T12(α, φ) =
4α cos2
ϕ+
2
(1−α)2+4α cos2
ϕ+
2
+
4α cos2
ϕ−
2
(1−α)2+4α cos2
ϕ−
2
T13(α, φ) =
(1−α)2
(1−α)2+4α cos2
ϕ+
2
+ (1−α)
2
(1−α)2+4α cos2
ϕ−
2
.
(4)
In Fig.5 (c), the fitting curves from Eq. 4 are plotted
(α = 0.28 and k0‖l = 1.75), in close agreement with the
numerical results. From Eq. 4, two periods associate
with ϕ± are clearly seen. So far the double kink states
in bilayer graphene have not yet be verified, e.g. the con-
ductance is smaller than 4e2/h.[14, 15] Thus our proposal
can provide a direct evidence to explore it. Besides, the
two periods’ oscillation exists in the presence of moderate
disorder (see Ref.[35] Fig.S5). So the double kink states
can be confirmed in experiment more easily with our pro-
posal, i.e. no quantized conductance required. Fig.5 (d)
shows the E dependence of T12 and T13 when B = 0. The
two period feature still hold. But there exist irregular
oscillation pattern which should be ascribed to the non-
linear dispersion of kink states in bilayer graphene [see
Fig.5 (b)]. Fig.5 (d) also demonstrate that valley cur-
rent can be tuned by the Fermi level in bilayer graphene.
From Eq.3 and Eq.4, the modulation of valley current is
dominated by the interference phase, so above discussions
hold true for interferometers of irregular shapes.[19]
Conclusion– In conclusion, an AB interferometer is
proposed to characterize and manipulate the topological
valley kink states. The output of the current is perfectly
valley polarized and changes periodically in a large range
when sweeping the Fermi energy or the magnetic field. It
provides a versatile and high efficiency way to manipu-
late valley degrees of freedom. For monolayer graphene,
due to a single kink state, there is only one period in
the transmission coefficient. The π Berry phase and the
linear band of kink state can be extracted from the trans-
port measurements. However, for the bilayer graphene,
there are two kink states. The transmission coefficients
modulated by a magnetic flux shows two periods. Our
5proposal can also be used in experiments to characterize
the topological nature of the kink states.
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